Using an anomalous transport model for massless quarks and antiquarks, we study the effect of a magnetic field on the elliptic flows of quarks and antiquarks in relativistic heavy ion collisions. With initial conditions from a blast wave model and assuming that the strong magnetic field produced in non-central heavy ion collisions can last for a sufficiently long time, we obtain an appreciable electric quadrupole moment in the transverse plane of a heavy ion collision. The electric quadrupole moment subsequently leads to a splitting between the elliptic flows of quarks and antiquarks. The slope of the charge asymmetry dependence of the elliptic flow difference between positively and negatively charged particles is positive, which is expected from the chiral magnetic wave formed in the produced QGP and observed in experiments at the BNL Relativistic Heavy Ion Collider, only if the Lorentz force acting on the charged particles is neglected and the quark-antiquark scattering is assumed to be dominated by the chirality changing channel.
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I. INTRODUCTION
Experiments at the BNL Relativistic Heavy Ion Collider (RHIC) [1] [2] [3] [4] and the CERN Large Hadron Collider (LHC) [5] have provided convincing evidence for the formation of a quark-gluon plasma (QGP) during the early stage of a heavy ion collision. Extensive studies on the anisotropic flows of various particles [6] and the nuclear modification factor of energetic jets [7] have shown that the produced QGP, which has near zero baryon chemical potential, behaves almost like an ideal fluid with a viscosity to entropy density ratio not much larger than the theoretical lower bound derived from strongly interacting quantum field theories [8] . Because of the restoration of chiral symmetry in QGP and the strong magnetic field produced in noncentral heavy ion collisions, almost massless light quarks can lead to the chiral separation effect (CSE) in which axial charges are separated along the direction of the magnetic field if the electric charge chemical potential is nonzero [9] [10] [11] . The massless quarks can also lead to the chiral magnetic effect (CME) in which electric charges are separated along the direction of magnetic field if the axial charge chemical potential is nonzero [12] [13] [14] , Through the interplay between the CME and the CSE, a new form of gapless collective excitation, called the chiral magnetic wave (CMW), emerges from the coupling of the density waves for axial and electric charges [15, 16] .
In a heavy ion collision, the chiral magnetic wave can induce a charge quadrupole moment in the transverse plane perpendicular to the beam direction and lead to the splitting of the elliptic flows of positively and negatively charged particles during the expansion of the produced QGP [16] . By solving the wave equation for the charge density in a schematic model for heavy ion collisions, a splitting of elliptic flows has been found with a magnitude comparable to that measured in experiments if the magnetic field is sufficiently strong and lasts long enough [16] . For a more quantitative study, the anomalous hydrodynamics, which extends the normal hydrodynamics to include also the dynamics of chiral magnetic wave, has been developed [11] and applied to study its effect on elliptic flows in heavy ion collisions using initial conditions from a blast wave model and assuming a strong and long-lived external magnetic field [17, 18] . However, contradicting conclusions about the splitting between the elliptic flows of positively and negatively charged particles have been obtained with Ref. [18] requiring the chiral magnetic effect and Ref. [17] without requiring such an effect.
Also, microscopic chiral kinetic equations have been developed [19] [20] [21] [22] [23] [24] , which can include the nonequilibrium effect on the chiral magnetic wave in heavy ion collisions. In Ref. [19] , the chiral kinetic equation is derived from considering the Berry phase associated with the action of a quantum system in an external magnetic field. The resulting chiral kinetic equation reproduces the chiral anomaly as well as the CME and CSE in equilibrium systems. However, this equation is not manifestly Lorentz covariant and requires the introduction of a modified Lorentz transformation [25] . The same chiral kinetic equation can be derived from the Landau fermi liquid theory by taking into account the Berry curvature flux through the fermi surface [20, 21] or from the semiclassical Foldy-Wouthuysen diagonalization of the quantum Dirac Hamiltonian for massless fermions and antifermions [24] . On the other hand, a manifestly Lorentz covariant chiral kinetic equation has been derived in Refs. [22, 23] based on the consideration of the covariant Wigner function for massless spin 1/2 fermions, which reproduces the non-covariant chiral kinetic equation after integrating over the zeroth component of the four-momentum.
In the present study, we solve the noncovariant chiral kinetic equation for massless quarks and antiquarks using the test particle method [26] and include also the scatterings of these particles by assuming that scatterings are not affected by the magnetic field. With initial conditions taken from a blast wave model, we then use this anomalous transport model to study the elliptic flow in heavy ion collisions at the highest energy from RHIC and compare the results with those obtained from the anomalous hydrodynamics [18] and with the experimental data [27] . This paper is organized as follows. In the next section, we show that under some simple assumptions, the equations of motion for the test particles obtained from the chiral kinetic equation can be derived from considering the rate of change of the total angular momentum of a test particle, which includes both its orbital and spin angular momenta. We then describe in Sec. III the details on how heavy ion collisions are modeled in the present study. In Sec. IV, results from our study are presented and compared with those from the anomalous hydrodynamics and the experimental data. We also discuss in this section the effects due to the Lorentz force and the chirality changing scattering. Finally, a summary is given in Sec. V.
II. THE CHIRAL KINETIC EQUATION
The classical equations of motion for a massless spin-1/2 particle in an external electromagnetic field were firstly derived in Ref. [19] using the path-integral formulation. In the adiabatic approximation, this leads to a vector potential or Berry connection A p in momentum space [28] . The corresponding Berry curvature b = ∇ p × A p then modifies the velocity of a massless spin half particle to
wherep is a unit vector along the direction of the momentum and b = ±p 2p 2 with the plus and minus signs for particles with spin parallel (positive helicity) and antiparallel (negative helicity) to the momentum, respectively. We have used in the above the conventionh = c = 1. Equation (1) can also be derived from the change of the total angular momentum of a massless spin-1/2 particle due to an external force. Since the total angular momentum of such a particle of positive or negative helicity is J = L + S = r × p ±p/2, its rate of change is
where we have used the relation dp/dt = F with F being the external force. Using the fact that dJ/dt = r × F, we
is a function of the magnitude p of the momentum. In the absence of external force, F = 0, one hasṙ =p, which then requires f (p) = 1. This thus leads toṙ =p ±ṗ × p 2p 3 =p +ṗ × b, which is the same as Eq. (1).
Including the Lorentz force due to an external magnetic field B, F = Qṙ × B =ṗ, with Q being the charge of the massless spin-1/2 particle, its equations of motion can then be obtained from Eq. (1), and they are given by
These equations are the same as those given in Refs. [19, [22] [23] [24] . To apply the chiral kinetic equation to heavy ion collisions, we also need to include the scattering of massless quarks and antiquarks, which has so far only been addressed in the relaxation time approach either for quark-quark scattering [29] or for quark-gluon scattering [30] . Since the interaction Lagrangian of massless quarks and antiquarks with gluons in QCD is L = igq R A /q R + igq L A /q L , where g is the strong coupling constant, q R and q L are the field operators for quarks of right and left chiralities, respectively, and A / = γ µ A µ with A µ being the gluon filed, there are no changes in the chiralities of quarks in quark-quark scattering and of antiquarks in antiquark-antiquark scattering. For the scattering between quark and antiquark, their chiralities can, however, change through the s-channel annihilation process. This process ensures both local charge and axial charge conservations in an equilibrated quark matter and is essential for generating a splitting of the elliptic flows of positively and negatively charged particles in the kinetic approach. The reason for this is as follows. Although the chiral kinetic motion can lead to a separation of particles of right chiralities from those of left chiralities in space, the effect is the same for positively and negatively charged particles. Only by including quark-antiquark scatterings that change their chiralities can result in a charge quadrupole moment in the transverse plane of a heavy ion collision. For simplicity, we thus only allow massless quarks and antiquarks to undergo chirality changing scattering in quark-antiquark scattering.
The combined effects due to the chiral kinetic motion (CKM) and the chirality changing scattering (CCS) between quark and antiquark in heavy ion collisions in the presence of a magnetic field are illustrated in Fig. 1 . The upper left picture shows the initial distribution of quarks and antiquarks in the transverse plane for the case of positive charge chemical potential µ > 0 and vanishing axial charge chemical potential µ 5 = 0, corresponding to more quarks than antiquarks but with equal number of right and left chiralities. In the above, we have
with N R and N L denoting the numbers of particles with right and left chiralities, respectively, while NR and NL denoting corresponding numbers for antiparticles. The temperature of the quark matter is denoted by T . Equation (3) then indicates that quarks and antiquarks of right chiralities would move upward along the direction of the magnetic field, while those of left chiralities would move in the opposite direction, leading to a positive axial charge dipole moment in the transverse plane, as shown in the upper right picture. The lower right picture shows that the effect of the chirality changing quark-antiquark scattering q RqR → q LqL and q LqL → q RqR . Further upward and downward motions of quarks and antiquarks of right and left chiralities, respectively, according to Eq. (3) result in the lower left picture, which clearly shows a positive axial charge dipole moment and a positive charge quadrupole moment in the transverse plane. The latter can then lead to a splitting of the elliptic flows of positively charged quarks and negatively charged antiquarks as shown in Refs. [16, 31] .
In the above discussion, we have not considered the effect of gluons in the system. Since gluons have spin one, they will not change the chiralities of the quarks or antiquarks that they scatter with [30] . Including these scatterings will thus not affect the picture discussed in the above. Also, the magnetic field affects the scattering of quarks and antiquarks through the change of the phasespace integral in the collision term of the chiral transport model [29, 30] , i.e., replacing the usual
, which is needed to ensure the correct equilibrium distribution in the presence of the magnetic field. Since it is not yet known how this effects can be included in the chiral transport model, we thus neglect them in the present study.
To implement particle scatterings in the chiral or anomalous transport model, we generalize the geometric method of Ref. [32] by using the scattering cross section σ in the fireball frame to check whether the impact parameter between two colliding particles is smaller than σ/π and if the two colliding particles pass through each other at the next time step during the evolution of the system. For the three-momenta of the two particles after their scattering, they are taken to be isotropic in their centerof-mass frame. We neglect, however, the Pauli blocking effect on the final states because of the high temperature of the partonic matter produced in heavy ion collisions.
III. HEAVY ION COLLISIONS IN THE PRESENCE OF A MAGNETIC FIELD
To apply the anomalous transport model to heavy ion collisions, we use a blast wave model for the initial conditions. Specifically, we take the cubic power of temperature distribution, which is proportional to the particle number density distribution, in the transverse plane of the collision to have a Woods-Saxon form
where c describes the spatial anisotropy of produced partonic matter in the transverse plane of non-central heavy ion collisions, R is the radius, and a is surface thickness. The transverse momentum distributions of quarks and antiquarks are then given by the corresponding Boltzmann distributions with a charge chemical potential µ.
For simplicity, we take quarks and antiquarks to have same electric charge of e/2 and −e/2 1 , respectively, and assume that the ratio µ/T is uniform in space. For distributions in the z direction, we assume the boost invariance, i.e., z = τ 0 sinh y and p z = m T sinh y, where τ 0 , m T = m 2 q + p 2 x + p 2 y = p 2 x + p 2 y = p T , and y are the thermalization time, transverse mass, and rapidity, respectively. For the initial axial charge chemical potential µ 5 /T , it is taken to be zero everywhere.
To study the chiral magnetic effect in heavy ion collisions, we assume as in Ref. [33] that the magnetic field B generated in these collisions is uniform along the y axis, which is perpendicular to the reaction plane, and has the following time dependence:
with B 0 and τ being its maximum strength and lifetime, respectively. According to Ref. [34] , the magnitude of the magnetic field in a heavy ion collision can be as large as several m 2 π in noncentral Au+Au collisions at √ s = 200 GeV, although it lasts for only about 0.1 fm/c. However, including the electric conductivity effect and the vortical effect in QGP could increase the lifetime of the magnetic field in a heavy ion collision to several fm/c [35] .
With above initial conditions and magnetic field, we solve the anomalous transport equation using the parameters T 0 = 300 MeV, R = 3.5 fm, a = 0.5 fm, c = 1.5, and τ 0 = 0.4 fm/c that are appropriate for Au+Au collisions at center-of-mass energy √ s = 200 GeV and impact parameter b = 9 fm, which approximately corresponds to collisions at the 30-40% centrality. The total number of quarks and antiquarks is then approximately 1500 if we consider only rapidities |y| ≤ 2. As in the AMPT model [36] and the Nambu-Jona-Lasinio model [37] , we assume that only quarks and antiquarks are present in the partonic phase of a heavy ion collision. For the magnetic field, we use the values eB 0 = 7m 2 π and τ = 6 fm/c. For the value of µ/T , which is the same as the charge asymmetry A ± = N+−N− N++N− of the partonic matter, where N + and N − are the numbers of positively and negatively charged quarks, respectively, we have considered a number of values between 0 and 0.16. For the parton scattering cross section, we take it to have the temperature dependence σ = σ 0 (T 0 /T ) 3 in order to be consistent with that calculated in the NJL model [38] and the viscosity to entropy density extracted from the measured elliptic flow using the viscous hydrodynamics [6] . We chose, however, σ 0 to reproduce the measured elliptic flow of pions. For the temperature of the local medium where two partons scatter, it is determined from taking the local energy density to be the same as that of an equilibrated noninteracting massless quarks and antiquarks. Because of the smaller number of partons in a local cell, the energy density is evaluated by using partons from a large ensemble of events, although only partons in the same event are allowed to scatter with each other [32] .
Since partons in a local cell are expected to convert to hadrons when their temperature drops below the chiral restoration temperature T χ , which is taken to be 150 MeV, we use the duality ansatz by simply relabelling quarks as pions and letting them to follow the normal equations of motion with the velocity given by p/E and to scatter with known hadronic cross sections given in Ref. [39] . We could import these quarks and antiquarks to the AMPT model to convert them to hadrons and let the latter undergo further hadronic scattering as in Ref. [40] . Since most quarks and antiquarks are converted to resonances such as the ρ meson, which subsequently decay to pions, using the quark-hadron duality by converting a quark to a pion is thus a reasonable approximation. In the present study, we therefore evolve the partonic matter until they freeze-out kinetically, which is defined locally when the temperature of a cell drops to T f = 120 MeV. We note that the effect from switching from the chiral kinetic equation to the normal equation of motion at T χ is similar to the freeze-out hole effect discussed in Ref. [18] .
IV. RESULTS
In the present section, we study the time evolution of the partonic matter by following the motions of quarks and antiquarks according to the chiral kinetic equations [Eqs. (3) and (4)] with and without the Lorentz force as well as with and without including the chirality changing scattering between quark and antiquark. These different studies allow us to investigate the relative importance among the effects due to the chiral kinetic motion (CKM), the Lorentz force (LF), and the chirality changing scattering (CCS). In Fig. 2 , we first show by the dashed line the elliptic flow v 2 of all kinetically freeze-out pions as a function of their transverse momentum in midrapidity (|y| ≤ 1) from solving the chiral kinetic equation with Lorentz force and including the chirality changing scattering (CKM+LF+CCS). It is obtained with a coefficient σ 0 = 13.7 mb in the parton scattering cross section and is seen to agree with the experiment data (solid circles) from the STAR Collaboration [41] . The result obtained without the chirality changing scattering (CKM+LF), using σ 0 = 13.1 mb and shown by the dotted line as well as that obtained without the Lorenz force (CKM+CCS), using σ 0 = 15.5 mb and shown by the solid line, also agree reasonably with the experimental data, particularly for momentum below 0.5 GeV. The integrated v 2 of these pions with transverse momenta in the range 0.15 ≤ p T ≤ 0.5 GeV/c is 0.036 in all three cases, which reproduces surprisingly well the experimental value.
B. Time evolution of eccentricity difference Figure 3 shows the time evolution of the difference ∆ǫ 2 = ǫ 2− − ǫ 2+ between the eccentricities (ǫ 2 = (x 2 − y 2 )/(x 2 + y 2 ) ) of negatively and positively charged particles for the total charge asymmetry A ± = 0.16 of these particles. We note that this value of A ± is much larger than that in the experimental measurements, and we use it in order to amplify the effect of the chiral magnetic wave. The momentum range included in the calculation is again 0.15 ≤ p T ≤ 0.5 GeV/c. The solid line show the results obtained by following the motions of quarks and antiquarks via the chiral kinetic equation without the Lorentz force but including the chirality changing scattering, i.e., CKM+CCS. The eccentricity difference between positively and negatively charged particles in this case is seen to increase with time. This increase is due to both the chiral kinetic effect, which leads to the fluctuation of axial charge, and the effect of chirality change in parton scattering, which converts the axial charge fluctuation to the charge fluctuation. How the eccentricity difference between negatively and positively charged particles change in time in the two cases of including also the Lorentz force (CKM+LF+CCS) and including the Lorentz force but without the chirality changing scattering (CKM+LF) are shown by the dashed and dotted lines, respectively. It is seen that the eccentricity difference between negatively and positively charged particles becomes larger for the case of CKM+LF+CCS and smaller for the case of CKM+LF, and in both cases it decrease after reaching a maximum value. Figure 5 shows that the charge chemical potential is small in the equator and large in the pole of the transverse plane of the collision, similar to that found in Ref. [16] based on the CMW consideration. It also confirms the schematic pictures illustrated in Fig. 1 . The charge quadrupole moment resulting from such a distribution would then lead to an elliptic flow that is larger for negatively charged particles than for positively charged particles as demonstrated in Ref. [31] using the AMPT model by giving a finite electric quadrupole moment in the initial parton distribution. As seen from Fig. 6 , the distribution of µ 5 /T in the transverse plane of the collision shows, on the other hand, a finite dipole moment. Our results thus clearly demonstrate that the chiral kinetic equation leads to the separation of partons with different chiralities in the transverse plane of a heavy ion collision, which leads at the same time to a separation of partons of different charges by the chirality changing scattering between massless positively and negatively charged partons, reminiscent of the effect due to the CMW. We note that if we have not allowed the change of the chiralities of these partons during their scattering in the anomalous transport model, both µ/T and µ 5 /T would be uniform in space with the values µ/T = 0.16 and µ 5 /T = 0. This agrees with the results based only on the chiral kinetic equation, which is same for both positively and negatively charged partons but different for partons of different chiralities.
The results obtained after including also the Lorentz force (CKM+LF+CCS) is shown by the dashed line in Fig. 4 . It shows that the elliptic flow difference between negatively and positively charged particles now changes sign. This is because the Lorentz force has an opposite effect from that due to the chiral kinetic motion and the chirality changing quark-antiquark scattering. This can be understood as follows. Because of the cylindrical initial distribution, particles have a larger flow in the z direction than in the x direction. With the magnetic field along the y direction, the Lorentz force then deflects positively and negatively charged particles moving in the positive z-direction to the negative and positive x axis, respectively. In the case that the charge asymmetry A ± is larger than zero, this would lead to more particles in the second and fourth quadrants than in the first and third quadrants of the x-z plane. Due to their more frequent collisions, positively charged particles then acquires a larger elliptic flow than the negatively charged particles. We note that if the initial particle distribution is isotropic in the x-z plane, the charge distribution would remain isotropic in the presence of the Lorentz force, and there would be no elliptic flow difference between the positively and negatively charged particles even for A ± = 0. Also shown in Fig. 4 by the dotted line are the results obtained with the inclusion of the Lorentz force but not allowing the chiralities to change in the quark-antiquark scattering (CKM+LF). It shows that this further reduces the elliptic flow difference between negatively and positively charged particles. We note the axial charge and charge chemical potential distributions in the transverse plane for the case of CKM+LF+CCS also show finite dipole and quadrupole moments, similar to those shown in Figs. 5 and 6 for the case of CKM+CCS. Without the chirality changing scattering, i.e., for the case of CKM+LF, both the axial charge and charge chemical potential distributions become uniform in the transverse plane, i.e., vanishing dipole and quadrupole moments. In Fig. 7 , we show by the solid line the elliptic flow difference ∆v 2 between negatively and positively charged particles at freeze-out as a function of the charge asymmetry A ± for the case of CKM+CCS. Again, the transverse momenta of these particles are taken to be 0.15 ≤ p T ≤ 0.5 GeV/c. It is seen that the final elliptic flow difference ∆v 2 is almost linearly dependent on the total charge asymmetry, similar to that found in experiments [27] and in the theoretical study based on the CMW [16] . The slope of the A ± dependence of ∆v 2 in our calculation is r = 0.0112, which gives a value r/v 2 = 0.31 that is about a factor of three smaller than the experimental value of 0.85 but is comparable to the value r/v 2 = 0.27 from a study based on the anomalous hydrodynamics [18] .
For the charge asymmetry dependence of the elliptic flow difference between negatively and positively charged particles in the two cases of including also the Lorentz force (CKM+LF+CCS) and including the Lorentz force but neglecting the chirality changing quark-antiquark scattering (CKM+LF), they are shown by dashed and dotted lines, respectively. It is seen that the slope of the elliptic flow differences between negatively and positively charged particles becomes negative for these two cases with the one from CKM+LF more negative than the one from CKM+LF+CCS.
V. SUMMARY
Based on the anomalous transport model, which includes the propagation of massless quarks and antiquarks according to the chiral kinetic equation and allows the change of chiralities during the scattering between positively and negatively charged partons, we have studied the elliptic flow of charged particles in non-central relativistic heavy ion collisions. Using initial conditions from a blast wave model and assuming the presence of a strong and long-lived magnetic field, we have obtained an appreciable charge quadrupole moment in the transverse plane of the collision, which then leads to different elliptic flows for particles of negative and positive charges as the system expands. The elliptic flow difference shows a linear dependence on the total charge asymmetry of the partonic matter with a slope that is negative unless the Lorentz force is neglected. In the latter case, the result is similar to that found from studies based on the anomalous hydrodynamics, in which the Lorentz force is also neglected, using similar initial conditions and assuming similar strength and lifetime for the magnetic field. Compared to the experimental data on the elliptic flow difference between negatively and positively charged particles, ours is, however, much smaller. A larger elliptic flow difference could be obtained if we allow in the initial state a positive µ 5 /T in y > 0 and negative µ 5 /T in y < 0 besides a positive charge asymmetry, and vice versa, instead of generating such a distribution dynamically as in the present study. Also, the different elliptic flows between charged particles could be partly due to the different mean-field potentials between particles and antiparticles in the partonic [42] and the hadronic [43] matter of finite baryon chemical potential [40] . Nonetheless, our study does indicate that the application of the anomalous transport model based on the chiral kinetic equation to heavy ion collisions can describe the effect of the CMW on the elliptic flow of massless partons of different charges in the presence of a strong magnetic field, if quark-antiquark scatterings are dominated by the change of both their chiralities and the effect of the Lorentz force is neglected. However, the justification for the existence of a long-lived magnetic field in relativistic heavy ion collisions remains missing, although its strength is known to be sufficiently strong [44] [45] [46] . Also, we have not included in the present study the modification of the phase-space density in the collision term of the chiral transport model and the chiral kinetic effect resulting from the change of the momentum of massless quarks and antiquarks due to collisions [47] , which is present even in the absence of magnetic field [see Eq. (1)]. More work is needed to understand this very intriguing phenomenon that might be present in relativistic heavy ion collisions.
